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Abstract
The tight five-cycle is the three-uniform hypergraph whose edges are the five cyclically con-

secutive triples on five distinct vertices. We prove that its Turán density is 2
√

3 − 3. This
answers the conjecture usually attributed to Mubayi and Rödl, explicitly stated by Mubayi,
Pikhurko and Sudakov. Mubayi and Rödl’s recursive construction gives the lower bound. The
upper bound follows the reduction of Bodnár, León, Liu and Pikhurko, whose theorem concerns
forbidding both the tight four-cycle and the tight five-cycle, or a tight cycle of length at least
seven not divisible by three. We establish the two estimates needed for the five-cycle alone by
exact rational certificates, using weighted link inequalities to include configurations containing
a complete four-vertex hypergraph. We give the finite counting argument that turns the cer-
tificates into these estimates and then into the density bound. The whole proof, including this
counting argument, is checked in Lean; its finite computations run as compiled code, so the
check trusts Lean’s compiler as well as its kernel.

This work has not yet been reviewed by experts. The proofs, the Lean formalization and the
text were produced by AI models (from OpenAI and Anthropic), working under the author’s
direction.

1 Introduction
A three-uniform hypergraph, or 3-graph, on V is a subset of

(V
3
)
. Put

C3
5 =

{
{i, i + 1, i + 2} : i ∈ Z/5Z

}
.

A copy in H means an injective map f : Z/5Z → V with {f(i), f(i + 1), f(i + 2)} ∈ H for every
i; extra edges are allowed. Write f(n) = ex(n, C3

5 ) for the largest number of edges in a C3
5 -free

3-graph on n vertices, and α = 2
√

3 − 3.

Theorem 1. The injective, non-induced tight five-cycle has Turán density

π(C3
5 ) = lim

n→∞
ex(n, C3

5 )(n
3
) = 2

√
3 − 3.

Precisely, for every real ε > 0 there is an integer N ≥ 3 such that for every integer n ≥ N ,

(α − ε)
(

n

3

)
≤ f(n) ≤ (α + ε)

(
n

3

)
.

Mubayi–Rödl’s Construction 1 gives the lower bound [2, Construction 1]1; the equality is stated
explicitly by Mubayi, Pikhurko and Sudakov [3, §2.4, Conjecture 7]. They also record Razborov’s

1Mubayi and Rödl credit Y. Kohayakawa for discussions leading to this construction [2, §7].
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earlier upper bound π(C3
5 ) < 0.4683 [3, 19, §2.4]. The usual attribution is recorded in Kamčev–

Letzter–Pokrovskiy [4, Conjecture 1.1]; their Theorem 1.3 gives the equality for all sufficiently
large cycle lengths not divisible by three. Bodnár–León–Liu–Pikhurko (BLLP) prove the equality
for {C3

4 , C3
5} and for C3

ℓ with ℓ ≥ 7 and 3 ∤ ℓ [5, Theorem 1.1].
Falgas-Ravry and Vaughan establish the sharp bound for 3-graphs whose edges are the triples

inducing a directed out-star in a digraph [7, §3.1, Proposition 25 and Theorem 27]. Huang gives
an analytic proof of the directed-star result [8, §§2 and 4]. This restricted class does not include
every C3

5 -free 3-graph.
The partition method and reduction are BLLP’s [5, Propositions 3.2–3.3, Lemma 4.1 and the

proof of Theorem 2.4]. Here their two estimates are established for C3
5 alone, with the precise

hypotheses below. The difficult step is the estimate for bad edges minus missing triples when K3
4 is

allowed: BLLP identify this obstacle in [5, §7]. The additional link inequalities below permit exact
certificates over all C3

5 -free six-vertex configurations. The colored flag setup and degree and local-
maximality rows follow BLLP’s supplementary calculations [6, notebook, zero-based code cells 1
and 4]. That notebook uses Bodnár’s SageMath framework, documented as FlagAlgebraToolbox [10,
§§1.2 and 2.4]. Finite sampling makes the certificate-to-graph passage explicit. The proof depends
on these computations and their Lean formalization; Section 5 states the formal conclusion and
its trust boundary. Earlier computations for C3

5 alone include Xizhi Liu’s numerical flag-algebra
optimization [12, edge-density objective and saved output]. The present argument supplies exact
certificates and the finite estimates needed for the unrestricted upper bound.

Ferudun’s October 16, 2026 preprint [13, Theorems 1–3 and §5] optimizes the classical recursive
construction by a logarithmic-state algorithm and determines its quadratic term. The recursive
construction family is shared. Ferudun explicitly distinguishes this construction-side result from
an upper bound for arbitrary C3

5 -free hypergraphs. The Ulam.AI UnsolvedMath record AIM-
COMBINATORICS-0153 reports an exact deficit identity, weighted stability and an optimized
finite recurrence within the same recursive family [14]. That summary also leaves the unrestricted
upper bound open; its underlying proof was not read or checked here.

For the related cycle with one edge deleted, Balogh and Luo [16] determine the density for all
sufficiently long lengths not divisible by three. Bodnár, León, Liu and Pikhurko [15, Theorem 1.1]
and, independently, Lidický, Mattes and Pfender [17, Abstract] determine density 1/4. That is a
different forbidden hypergraph.

2 Two partition estimates
For S ⊆ V (H) let T = V (H) \ S and define

cutH(S) = |{e ∈ H : |e ∩ S| = 2}|, µ(H) = max
S⊆V (H)

cutH(S),

BH(S) = {e ∈ H : |e ∩ S| ∈ {1, 3}}, MH(S) = {e ∈
(V

3
)

\ H : |e ∩ S| = 2}.

A cut is locally maximal if cutH(S △ {v}) ≤ cutH(S) for every v ∈ V (H). Thus a maximum cut
is locally maximal. Write dH(v) for vertex degree, β0 = 4641/10000 and β1 = 464101615/109.
The following are the C3

5 -only counterparts of BLLP’s Propositions 3.2 and 3.3; they use binomial
normalization, an asymptotic cut threshold, and coefficient one on the missing triples.

Proposition 2. For every real ε > 0 there exists an integer N such that, for every integer n ≥ N
and every C3

5 -free 3-graph H on n vertices, |H| ≥ β0
(n

3
)

implies µ(H) ≥ (2/5 − ε)
(n

3
)
.

2



Proposition 3. For every real ξ > 0 there exist a real δ > 0 and an integer N such that, for every
integer n ≥ N , every C3

5 -free 3-graph H on n vertices and every S ⊆ V (H), the hypotheses

S is locally maximal, dH(u) ≤ dH(v) + δn2 for all u, v ∈ V (H),

cutH(S) ≥ (2/5 − δ)
(

n

3

)
, |H| ≥ (β1 − δ)

(
n

3

)

imply |BH(S)| − |MH(S)| ≤ ξn3.

These hypotheses are auxiliary estimates, not restrictions in Theorem 1. In particular, the same
cut of an extremal graph will meet both estimates.

3 Certificates and finite sampling
The certificates use Razborov’s flag algebra method [18, §2] in the finite-sampling form described
by BLLP [5, §3]. For n ≥ 12, sample an ordered injection (x, u, v, a, b, d) into V (H). Write xuv
for the triple {x, u, v} in edge indicators. If a cut is present, color its vertices by c(z) = 1[z /∈ S].
Let qK be the probability of its induced six-vertex isomorphism class K. For any function R of the
sample, let R̄(K) be its average over all 6! orders of K. Then

ER =
∑
K

qKR̄(K), qK ≥ 0,
∑
K

qK = 1. (1)

Only C3
5 -free classes occur, including classes containing K3

4 .

The link inequalities

Put Lx(a, b) = 1[{x, a, b} ∈ H] and let Kx(a, b, c) indicate that {x, a, b, c} spans K3
4 . Put

Cx(a, c, d) = Lx(a, c)Lx(a, d)(1 − Lx(c, d))(1 − 1[{a, c, d} ∈ H]).

Repeated vertices are permitted in the following sums; an edge always has three distinct vertices.

Lemma 4. If H is C3
5 -free, x, a ∈ V (H), and wz ≥ 0 for every z ∈ V (H), then∑

c,d

Kx(a, c, d)wcwd ≤
∑
c,d

Cx(a, c, d)wcwd. (2)

Multiplication by wa and summation over a gives the corresponding three-variable inequality. Drop-
ping the last non-edge factor on the right gives a further valid inequality.

Proof. For fixed x, a, let F (b, c) = Kx(a, b, c) and sc =
∑

b F (b, c)wb. If F (b, c) = F (b, d) = 1, both
{x, c, d} and {a, c, d} are absent: otherwise respectively the orders (c, a, b, d, x) and (x, b, c, a, d) give
a tight five-cycle. Consequently sb ≤ mc :=

∑
d Cx(a, c, d)wd whenever F (b, c) = 1. Symmetry and

sb/sc + sc/sb ≥ 2 give ∑
b,c

F (b, c)wbwc ≤
∑
b,c

F (b, c)wbwc
sb

sc
≤
∑

c

wcmc.

Terms of zero weight contribute zero; all denominators in a nonzero term are positive. This proves
(2).
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Fixing roots, restrict each free vertex by the same predicate on its edges to the roots and its
color. Applying Lemma 4 with indicator weights gives the three-variable rows, with or without the
last non-edge factor, and the two-variable rows. Nonnegative rational weights give the weighted
two-variable rows. On passing to distinct samples the diagonal is removed, producing an error at
most 1/(n − 5), or W 2/(n − 5) for two-variable weights bounded by W . The diagonal is retained
before this passage; it need not vanish on K3

4 . Appendix A gives the other finite errors.

The cut certificate

A selector has a specified edge or non-edge type on (x, u, v) and a rational function p assigning each
possible three-edge pattern of an external vertex a probability in [0, 1]. Given the roots, put each
other vertex in a set U independently with that probability. Let Ds be the probability of the root
type, and let Ns be the probability of that type together with {a, b, d} ∈ H and |{a, b, d} ∩ U | = 2.
On a class, N̄s(K) and D̄s(K) denote the averages of these same six-vertex integrands. Averaging
the number of selected edges gives

Ns ≤ 6Dsµ(H)
(n − 3)3

. (3)

Indeed, for every fixed root triple and every outcome U , the selected edges avoiding the roots
number at most cutH(U) ≤ µ(H); each edge has six orders.

The rational certificate verifies, on every uncolored class,∑
s

λs(N̄s − 2
5D̄s) = 10−4 +

∑
i

yiR̄i +
∑

j

⟨Qj , Aj⟩ + hK . (4)

Here λs, yi, hK ≥ 0,
∑

s λs = 1, and every Qj is positive semidefinite. The matrices Aj are products
of rooted flag indicators; ⟨Q, A⟩ =

∑
r,t QrtArt. The scalar rows are the link rows above and the

two density products (1[xuv ∈ H] − β0)1[abd ∈ H] and its non-edge counterpart. All coefficients
are averaged as in (1).

Proof of Proposition 2. Average (4) using (1). The finite errors in Appendix A, weighted by the
fixed certificate coefficients, have total at most C/(n − 5) for all sufficiently large n, where C
depends only on the certificate. Thus some selector satisfies Ns − 2

5Ds ≥ 10−4 − C/(n − 5) > 0 for
all sufficiently large n. Since 0 ≤ Ns ≤ Ds, its denominator is positive. Equation (3) now gives
µ(H) ≥ 2

5
(n−3

3
)
. Finally

(n−3
3
)
/
(n

3
)

→ 1, proving the stated quantifiers.

The bad-minus-missing certificate

For a colored class set tK = (|BK | − |MK |)/20. The second rational certificate verifies, class by
class,

tK +
∑

j

⟨Qj , Mj(K)⟩ +
∑

i

yiāi(K) +
∑

j

ej r̄j(K) ≤ 0. (5)

Here Qj are positive semidefinite, yi ≥ 0, and ej may have either sign. The rows ai express local
maximality, cut density, edge density at β1, and the three-variable link inequality without the last
non-edge factor. The rows rj express degree differences. Their explicit sampling functions are
in Appendix A. Only the matrices and multipliers are divided by the certificate’s positive integer
scale; tK is unscaled.
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Proof of Proposition 3. Each triple occurs equally often in six-sets, so
∑

K qKtK = (|BH(S)| −
|MH(S)|)/

(n
3
)

exactly. For hypotheses with slack δ′, averaging (5) and using the finite errors gives

|BH(S)| − |MH(S)|(n
3
) ≤ Anδ′ + Kn, An −→ A ∈ [0, ∞), Kn −→ 0.

The absolute values of ej are used for degree-difference errors. The density and cut products have
lower bounds −ρnδ′ − ηn, with ρn → 1, ηn → 0 as defined in the appendix. All other errors are
O(1/n). Given ξ > 0, take δ = min{1, ξ/(A + 1)} and then N so that An ≤ A + 1 and Kn ≤ ξ for
every n ≥ N . The result follows from 2ξ

(n
3
)

≤ ξn3.

4 Proof of the density theorem
Proof of Theorem 1. For the lower bound use Mubayi–Rödl’s construction [2, Construction 1]:
partition into A, B, take every triple with two vertices in A and one in B, and repeat inside B
(Figure 1). A pair shared by two edges determines their construction level, so all edges of a tight
cycle would have the same level. Their three consecutive vertices would then have a periodic
part pattern with two A’s and one B, incompatible with length five [4, Example 1.2]. With
|B|/n → r = (

√
3 − 1)/2, the limiting density is 3(1 − r)2r

∑
j≥0 r3j = α; rounding and a finite-

depth approximation give f(n) ≥ (α − o(1))
(n

3
)
.

A B

repeat

Figure 1: The recursive construction. The triangle illustrates an edge with two vertices in A and
one in B; all such triples are included.

For the upper bound let H attain f(n). Replacing a vertex u by a clone of v preserves C3
5 -

freeness: the collapsing map sends edges to edges, and every pair of vertices of C3
5 lies in an edge,

so any cycle image is still injective. Extremality therefore gives dH(v) ≤ dH(u) + n for all u, v; the
possible loss is at most the codegree of u, v. Choose a maximum cut S, which is locally maximal,
and set s = |S|, m = n − s. Since α > β0 and α ≥ β1, the lower bound, Proposition 2, and the
degree inequality meet all the hypotheses of Proposition 3 on this same cut for sufficiently large n.
For each fixed ξ > 0 we obtain

f(n) ≤
(

s

2

)
m + f(m) + ξn3 ≤ 1

2s2m + f(m) + ξn3. (6)

Indeed, the edges consist of the cut edges, the bad edges and the edges inside V (H) \ S; the cut
edges number

(s
2
)
m − |MH(S)|. We may use Proposition 2 with error at most 1/5. For large n,(n

3
)

≥ n3/12, so cutH(S) ≥ n3/60. On the other hand cutH(S) ≤ s2n/2, which rules out s < n/6.
Hence m ≤ 5n/6.

The scalar inequality in BLLP [5, Fact 2.9(i)] is

s2m

2 ≤ α

6
(
(s + m)3 − m3) (s, m ≥ 0). (7)

It follows from the factorization
α

6
(
(s + m)3 − m3)− s2m

2 = αs

6 (s −
√

3m)2 ≥ 0.
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Let D = lim supn→∞ f(n)/
(n

3
)

∈ [0, 1]. For every η > 0 there is a constant Kη such that
f(m) ≤ (D + η)m3/6 + Kη for every integer m ≥ 0. If D > α, combine (6)–(7) and m3 ≤ (5/6)3n3

to obtain
6f(n)

n3 ≤ α + (D + η − α)(5/6)3 + 6ξ + 6Kη

n3

for all sufficiently large n. Taking a subsequence tending to the limsup and then letting η, ξ tend
to zero gives D − α ≤ (5/6)3(D − α), a contradiction. Together with the lower bound this proves
convergence and the theorem.

5 Formal verification
The closed Lean theorem has the following name and type, with N and R denoting Lean’s natural
and real number types:

TightCycleC5.Bridge.mubayi_rodl_checked :
Filter.Tendsto

(fun n : N =>
(TightCycleC5.ex n : R) / (n.choose 3 : R))

Filter.atTop (nhds (2 * Real.sqrt 3 - 3))

Here TightCycleC5.ex n is the maximum edge count over all finite sets H of three-element subsets
of Fin n for which there is no injection f : Fin 5 ↪→ Fin n with {f(i), f(i + 1), f(i + 2)} ∈ H for
every i; addition in Fin 5 is cyclic. Thus it is exactly f(n) from Theorem 1, with no induced-copy
restriction or assumption on H or its partitions. Total real division defines the initial terms for
n < 3, which do not affect the limit.

The class-by-class certificate assertions (4) and (5), including positivity and class coverage,
are checked in the formalization and by the accompanying exact certificate checkers; they are
not derived from a printed list of coefficients here. The written argument proves their passage to
Propositions 2–3 and Theorem 1. The formal proof includes this passage and the density reduction.
It depends on 692 native_decide facts, trusting Lean’s compiler and runtime as well as its kernel;
it is not a kernel-only proof. These facts check finite arithmetic, table and coefficient comparisons,
and two rational Gram identities. The class covers, arithmetic-range coverage, all six uncolored
positive-semidefinite matrices and the other 36 colored matrices have kernel proofs.

The accompanying Lean bundle is unreleased at the time of writing. Its checking material
[1] specifies the pinned toolchain, all standard axioms, the exact 692-fact dependency list and
reproduction commands. The recorded full replay checked the frozen mathematical sources; a later
adapter check reused those validated dependencies and elaborated a fresh probe of the theorem’s
exact type and allowed axioms. That probe is not a second replay. The original endpoint placeholder
supplies only a type: its proof is outside the checked theorem’s dependency chain. The checking
material distinguishes these executions from the standalone Lake build, which was not exercised.

For related formalization, Jeong, Park, Hyun, Oum and Yang [9, Abstract] formalize flag alge-
bras for finite simple graphs. Jeong, Park, Im, Lee and Yang combine degree-stationarity with an
exact seven-vertex certificate for the tetrahedron and formalize its bound [11, §§2.5 and 3]. The
present development proves the finite sampling estimates for the 3-graphs and colored 3-graphs
used here directly.
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Appendix A Finite sampling estimates
Here are the row definitions and estimates used in the two certificate arguments. They apply for
n ≥ 12 and always to ordered injections; (n)k = n(n − 1) · · · (n − k + 1). A flag is the induced
graph, its colors when present, and its designated ordered roots, with free vertices identified up
to the specified permutations. Its indicator vector is one-hot; a coarsening of such a flag is also
permitted.

Link rows. For roots (x, u, v), let p(z) = (1[xuz ∈ H], 1[xvz ∈ H], 1[uvz ∈ H]). Choose a
nonempty subset of its eight patterns, and optionally a set of allowed colors. Every one of a, b, d
satisfies the same restriction; a root-type indicator may also be imposed. The row is the right side
minus the left side of the three-variable version of Lemma 4, with or without the last non-edge
factor. Its average is at least −1/(n − 5): the removed diagonal has at most (n − 3)(n − 4) terms
and the conditional denominator is (n − 3)3. For the two-variable rows fix (x, u, v, a) and use a
common nonnegative weight on each free vertex determined by

(1[xuz ∈ H], 1[xvz ∈ H], 1[uvz ∈ H], 1[auz ∈ H], 1[avz ∈ H]).

If its maximum is W , the diagonal weighs at most (n−4)W 2 and the average is at least −W 2/(n−5).

Positive semidefinite rows. For a fixed root tuple θ of a specified type, let fθ be a one-hot
flag vector and Q be positive semidefinite. Put mQ = maxi Qii. Summing all pairs of flags gives
XT QX ≥ 0, where X is the sum of their indicator vectors. Removing intersecting free sets gives
respectively the lower bounds

− mQ

n − 5 (four roots), − (4n − 14)mQ

(n − 4)(n − 5) (two roots).

For two roots there are (n − 2)(n − 3)(4n − 14) intersecting pairs of ordered free pairs, and |Qij | ≤√
QiiQjj ≤ mQ. For four roots only the n − 4 diagonal pairs are removed.

Products on disjoint triples. For functions g, h of ordered triples, |g|, |h| ≤ 1, let E3 denote
their average on a uniformly sampled ordered triple of distinct vertices. Then

|E[g(x, u, v)h(a, b, d)] − ρnE3g E3h| ≤ ηn, ρn = (n)3
(n − 3)3

, ηn = 9n2 − 45n + 60
(n − 3)3

.

This follows by removing the pairs of triples that intersect, since (n)3−(n−3)3 = 9n2−45n+60. For
cut rows use g = 1[xuv ∈ H]1[c(x)+c(u)+c(v) = 1]−2/5; for density rows use g = 1[xuv ∈ H]−βi.
The multiplier h is a three-vertex flag indicator (the edge and non-edge indicators in the uncolored
certificate). Thus E3g ≥ −δ′ gives the lower bound −ρnδ′ − ηn when h ≥ 0. The unconditional
density row has lower bound −δ′ exactly. In particular, (n − 5)ηn → 9; a uniform bound uses a
constant strictly larger than nine.

Local maximality and regularity. Put

ℓ(x, u, v) = 1[xuv ∈ H](1[c(u) + c(v) = 1] − 1[c(u) + c(v) = 0])(1 − 2c(x)).

For every one-root flag indicator IF (x, a, b, d), local maximality gives

E[ℓ(x, u, v)IF (x, a, b, d)] ≥ − 6(n − 3)
(n − 4)(n − 5) .
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For fixed x, the unrestricted sum of ℓ over ordered (u, v) is 2(cutH(S) − cutH(S△{x})) ≥ 0. The
sum of IF over the free triple is nonnegative and independent of (u, v). Deleting triples meeting
{u, v} removes 6(n − 3)2 possibilities per fixed pair, giving the displayed bound. For each two-root
flag indicator IF (x, u, b, d), ordered degree regularity gives

|E[(1[xva ∈ H] − 1[uva ∈ H])IF (x, u, b, d)]| ≤ 2δ′n2 + 4n − 14
(n − 4)(n − 5) .

Indeed, summing over (v, a) outside {x, u} gives 2(dH(x) − dH(u)), because codegree terms cancel;
at most 4n − 14 pairs meet {b, d}. Regularity is required for all ordered x, u, including equality, so
both signs have this bound.

Certificate data. The first certificate has nine selectors and six positive semidefinite blocks:
five with four roots and one with two. It uses the three-variable link rows with and without the
non-edge factor, the two-variable indicator and rational-weight rows, and the two density products
above. The second has 38 blocks: three with two roots and 35 with four. Its scalar rows comprise
80 local, eight cut, nine density and 12,750 three-variable link rows, and 120 signed regularity rows.
Each matrix entry is the joint indicator of its two flags on the appropriate disjoint free sets; the
matrix pairing includes both ordered off-diagonal terms. In every case coefficients are rebuilt by
averaging all 720 orders of a class. With color 1 assigned to V (H) \ S, bad edges have color sum
zero or two and missing triples have color sum one. This explains the exact target normalization
by
(6

3
)

= 20. These specifications, together with the rational certificate entries, determine (4) and
(5) without any numerical optimization premise.
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