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Abstract

A hook+column partition (α, 2β , 1γ) has a first part α, followed by β parts equal to two and
γ parts equal to one. Let g be a homogeneous rational symmetric function of degree d ≥ 1,
let a ≥ 2, and put f = g[ha]. We prove that, for each fixed γ, the Schur coefficients of f at
these partitions, listed by β from 0 to d − 1 − γ, read the same forwards and backwards, zero
entries included, and that they vanish for larger β. Consequently, every iterated plethysm of
complete homogeneous functions has symmetric hook+column sequences, answering Question 1
of Gutiérrez and Rosas. They gave explicit formulas for two three-factor families and proved that
the second symmetric and exterior plethysms s(2)[f ] and s(1,1)[f ] of a Schur-positive f preserve
flip-symmetry, a stronger form of this symmetry; Langley and Remmel gave the underlying two-
factor formula. We extend the symmetry to every number of factors and every positive index,
and retain the zero entries. The argument uses Gutiérrez and Rosas’s specialization at the
signed alphabet 1−x−y. After division by (1−x)(1−y), replacing x and y by their reciprocals
gives the coefficient identity. A Lean formalization proves the result from power-sum, Newton,
and Jacobi–Trudi definitions, including the existence and uniqueness of Schur expansions.

This work has not yet been reviewed by experts. The proofs, the Lean formalization and the
text were produced by AI models (from OpenAI and Anthropic), working under the author’s
direction.
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1 Introduction
The identity h3[h2] = s(6)+s(4,2)+s(2,2,2) gives the hook+column coefficients (b(0, 0), b(1, 0), b(2, 0)) =
(1, 1, 1) in the notation defined below. We prove that the corresponding sequences are symmetric
for arbitrary iterated plethysms of complete homogeneous functions.

Write ΛQ = Q[p1, p2, . . .] for the ring of symmetric functions over Q, generated by the power
sums pj , with deg pj = j. Let hn and sλ denote the complete homogeneous and Schur functions.
The Schur functions form a basis of ΛQ, and [sλ]f denotes the coefficient of sλ when f is expanded
in this basis. The plethysm f [g] is obtained from f by replacing each pj with pj [g], and pj [g]
is obtained from g by replacing each pr with pjr. As in [1, Definition 2.5], f ◦ g = f [g], so
hn1 ◦ · · · ◦ hnk

= hn1 [hn2 [· · · [hnk
] · · · ]], with hnk

innermost. A hook+column partition (α, 2β, 1γ)
has a first part α, followed by β parts equal to two and γ parts equal to one. As in Warning 2.2
of Gutiérrez and Rosas [1], the first part is counted separately even when it equals one or two; for
example, (2, 2, 2) has (α, β, γ) = (2, 2, 0). For a homogeneous function f of degree N , define

bf (β, γ) = [s(N−2β−γ,2β ,1γ)]f (β ∈ Z, γ ≥ 0).
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Here the coefficient is zero unless β ≥ 0, α = N − 2β − γ ≥ 1, and either β = 0 or α ≥ 2. Thus
α = 1 represents a column and occurs only when β = 0.

Theorem 1. Let g ∈ ΛQ be homogeneous of degree d ≥ 1, and let a ≥ 2 be an integer. Put
f = g[ha], of degree N = ad. Then, for every β ∈ Z and γ ≥ 0,

bf (β, γ) = bf (d − 1 − γ − β, γ). (1)

Moreover, bf (β, γ) = 0 if β + γ ≥ d, and [s(1N )]f = 0. No positivity condition on g is required.

Corollary 2. Let n1, . . . , nk be a nonempty list of positive integers, put f = hn1 ◦ · · · ◦ hnk
, and fix

γ ≥ 0. The nonzero coefficients bf (β, γ), ordered by β, form a palindrome. More precisely, delete
the indices equal to one. If none remain, put d = 1; otherwise let d be the product of the remaining
indices except the last, so that d = 1 when only one remains. Then β 7→ bf (β, γ), for all β ∈ Z and
with the zero convention above, satisfies (1) and vanishes for β + γ ≥ d.

This answers Question 1 of Gutiérrez and Rosas [1, Section 4], posed in their January 2022
preprint and previously as Conjecture 1 in Gutiérrez’s June 2021 thesis [2]. In their Definition 2.8,
a sequence is symmetric if its nonzero entries form a symmetric sequence. Langley and Remmel [4,
Theorem 4.8] give

(hb[ha])
∣∣
hook+column =

b−1∑
j=0

s(ab−2j,2j) (a, b ≥ 2),

also stated as [1, Theorem 2.14]. Theorems 2.15 and 2.16 of [1] give explicit formulas for h2[hb[ha]]
and hc[h2[ha]]. Their Theorem 2.19 states that s(2)[f ] and s(1,1)[f ] preserve flip-symmetry, the
stronger symmetry of their Definition 2.12, for Schur-positive f , that is, for f with nonnegative
Schur coefficients; the thesis contains the s(2) symmetry-preservation statement in Theorem 4.28.
These are the prior partial results extended here.

Two further results of Gutiérrez and Rosas bear on the proof. The vanishing criterion behind
Lemma 3 also appears in [3, Lemma 3.1]: for alphabets Xr and Yc of r and c variables, sλ[Xr − Yc]
is nonzero exactly when λ is a (c, r)-hook, that is, when its (r + 1)st part is at most c. Their
Theorem 5.1 states that a nonzero coefficient of sλ in sµ[sν ] forces ν ⊆ λ; taking ν = (a) with a ≥ 2
and expanding g in Schur functions, it already gives [s(1N )]f = 0 in Theorem 1.

Proof overview. We use the signed-alphabet specialization and coefficient extraction of Gutiér-
rez and Rosas [1, Lemma 3.8]. At 1 − x − y, every ha with a ≥ 2 becomes (1 − x)(1 − y). Weighted
homogeneity then shows that replacing x and y by their reciprocals multiplies the specialized
plethysm by (xy)−d, where d is the degree of g. Dividing by this common factor and multiplying
by x − y separates the hook+column coefficients into monomials above and below the diagonal.
Reciprocal substitution exchanges those monomials and gives (1). The additional step beyond the
cited specialization is this use of reciprocity for arbitrary g.

2 Specialization and reflection
Let ϕ : ΛQ → Q[x, y] be the algebra map pj 7→ 1 − xj − yj . Put Q = (1 − x)(1 − y) and
uγ(x, y) =

∑γ
i=0 xiyγ−i.

Lemma 3. One has ϕ(h0) = 1, ϕ(h1) = 1 − x − y, and ϕ(hn) = Q for n ≥ 2. For α ≥ 2,

ϕ(s(α,2β ,1γ)) = (−1)γQ(xy)βuγ(x, y). (2)

If λ2 ≥ 3, then ϕ(sλ) = 0. Finally, ϕ(s(1N ))
∣∣
x=1 = (−y)N .
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Proof. The generating series for complete functions becomes

∑
n≥0

ϕ(hn)tn = (1 − xt)(1 − yt)
1 − t

,

which gives the first assertions. Apply these values to the Jacobi–Trudi matrix. When λ2 ≥ 3,
its first two rows consist entirely of Q, so the determinant vanishes. For (α, 2β, 1γ), subtract each
column’s predecessor, proceeding from right to left. The first row becomes (Q, 0, . . . , 0). Expanding
in this row leaves a block lower-triangular matrix: a lower-triangular block of size β with diagonal
xy and zeros to its right, followed by a tridiagonal block of size γ with diagonal −(x + y), upper
diagonal xy, and lower diagonal 1. Its determinant is therefore (xy)βDγ , where the tridiagonal
determinants satisfy

D0 = 1, D1 = −(x + y), Dr = −(x + y)Dr−1 − xyDr−2;

thus Dr = (−1)rur, proving (2). At x = 1, the column determinant has diagonal −y and all entries
above the diagonal zero, giving (−y)N . This also proves directly the specialization in [1, Lemma
3.8].

Lemma 4. Under the hypotheses of Theorem 1, let P = ϕ(g[ha]). Then Q divides P , and, as a
Laurent polynomial,

P (x−1, y−1) = (xy)−dP (x, y).

Proof. Plethysm substitutes pj [ha] for each pj in g. Since pj [ha] = ha[pj ] is obtained from ha

by the Adams operation pk 7→ pjk, and ϕ(pjk) = 1 − (xj)k − (yj)k, Lemma 3 gives ϕ(pj [ha]) =
ϕ(ha)(xj , yj) = (1 − xj)(1 − yj). Hence

P = g
∣∣
pj=(1−xj)(1−yj).

Every monomial of g has positive weighted degree and therefore contains a power-sum factor. Each
substituted factor is divisible by Q, so Q | P . Under reciprocal substitution that factor becomes
(xy)−j(1 − xj)(1 − yj). The sum of the indices, counted with multiplicity, is d in each monomial of
g, proving the identity.

Proof of Theorem 1. Expand f in the Schur basis. By Lemma 3, only hook+columns and the
column survive specialization. Evaluating at x = 1 kills P by Lemma 4 and kills all hook+columns
with first part at least two. Hence the column coefficient times (−y)N is zero. Since Q[y] is a
domain, the column coefficient is zero.

Since bf (0, N − 1) = [s(1N )]f = 0, every term with nonzero coefficient has α ≥ 2, so (2) applies
to each term below. Write G = P/Q and H = (x − y)G. The remaining terms give the finite sum

H =
∑

β,γ≥0
(−1)γbf (β, γ)

(
xβ+γ+1yβ − xβyβ+γ+1

)
. (3)

The monomials above the diagonal have distinct exponent pairs: if i > j ≥ 0, the coefficient of xiyj

is (−1)i−j−1bf (j, i − j − 1). Below the diagonal the coefficients have the opposite sign.
Since Q(x−1, y−1) = (xy)−1Q, Lemma 4 yields

H(x−1, y−1) = −(xy)−dH(x, y). (4)

3



Extend the coefficients of H by zero to all integer exponent pairs. Equation (4) says that the
coefficients at (i, j) and (d−i, d−j) are negatives. In particular, a nonzero term has both exponents
between zero and d.

Fix β ≥ 0 and γ ≥ 0. Its upper monomial in (3) has exponents (β + γ + 1, β). If β + γ ≥ d,
its first exponent exceeds d and its coefficient is zero. Otherwise β + γ ≤ d − 1, so its reciprocal
partner (d − β − γ − 1, d − β) has nonnegative exponents, lies below the diagonal and corresponds
to

β′ = d − 1 − γ − β ≥ 0.

The sign in (4) cancels the minus sign below the diagonal in (3), giving bf (β, γ) = bf (β′, γ). If β ≥ 0
and β +γ ≥ d, both sides of (1) vanish: the left by the vanishing just shown, the right by definition,
since β′ < 0. If instead β < 0, the left side is zero by definition, while β′ + γ = d − 1 − β ≥ d, so
the right side vanishes by the result just proved. This establishes all assertions.

Proof of Corollary 2. The function h1 = p1 is the plethystic identity, and plethysm is associative.
Delete factors equal to h1. If any factors remain, take their last index as a ≥ 2 and their outer
composite as g, using p1 if there are no outer factors. Its degree is the stated product d. Theorem 1
applies. For γ < d, the interval 0 ≤ β ≤ d − 1 − γ is preserved by reflection, including all its zeros;
for γ ≥ d every entry vanishes. Removing zeros therefore gives a palindrome. If all factors were
h1, the function is p1; the sole nonzero hook+column coefficient is b(0, 0) = 1, and the conclusions
hold with d = 1.

3 Formal verification
The formal theorem GR22.fullEndpoint : GR22.FullEndpoint is Theorem 1. Its statement and
the coefficient it uses are

def FullEndpoint : Prop :=
∀ (d a : N) (g : SF) (c : List N →0 Q),

1 ≤ d → 2 ≤ a →
MvPolynomial.IsWeightedHomogeneous (fun i : N => i + 1) g d →
SchurExpansion (a * d) (plethysm g (complete a)) c →
(∀ (β : Z) (γ : N),

hookCoeff (a * d) c β γ = hookCoeff (a * d) c ((d : Z) - 1 - (γ : Z) - β) γ) ∧
(∀ (β : Z) (γ : N), (d : Z) ≤ β + (γ : Z) → hookCoeff (a * d) c β γ = 0) ∧
c (List.replicate (a * d) 1) = 0

def hookCoeff (N : N) (c : List N →0 Q) (β : Z) (γ : N) : Q :=
let α : Z := (N : Z) - 2 * β - (γ : Z)
if 0 ≤ β ∧ 1 ≤ α ∧ (β = 0 ∨ 2 ≤ α) then

c (α.toNat :: (List.replicate β.toNat 2 ++ List.replicate γ 1))
else 0

Here SF is the polynomial ring Q[p1, p2, . . .], with variable i standing for pi+1, so the weighted-
homogeneity hypothesis says that g is homogeneous of degree d; the hypotheses 1 ≤ d and 2 ≤ a are
those of Theorem 1. The term plethysm g (complete a) is f = g[ha], and SchurExpansion (a *
d) f c says that f =

∑
µ cµsµ over partitions µ of N = ad. The theorem GR22.schurExpansion_unique

shows that such a c is unique, so cµ = [sµ]f . Then hookCoeff N c β γ is bf (β, γ): its guard is
the convention of the introduction, and its list is the partition (α, 2β, 1γ). The three conjuncts are
the reflection (1), the vanishing for β + γ ≥ d, and [s(1N )]f = 0, the column being List.replicate
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(a * d) 1. The definitions use Newton’s recurrence for hn, Jacobi–Trudi for sλ, and Adams sub-
stitution for plethysm.

The separate theorems GR22.expansionsExist and GR22.schurExpansion_unique establish
existence and uniqueness of these expansions from the definitions. Theorems GR22.question1,
GR22.iterated_has_expansion, and GR22.question1Positional give Corollary 2, its expansion,
and its version retaining zeros. Thus neither the specialization lemma nor the existence of expan-
sions is an unproved hypothesis. These theorems depend only on Lean’s standard axioms propext,
Classical.choice, and Quot.sound.

The default build also checks the two identities h2[h2] = s4 + s22 and h3[h2] = s6 + s42 + s222.
The latter refutes the erroneous reflection β 7→ d − γ − β: at d = 3, it would equate b(0, 0) = 1
with b(3, 0) = 0. The accompanying standalone Lake project gives the pinned dependencies and
standard cache-download and build commands in its README. Outside the formal check is only
the identification of these definitions with the usual ring of symmetric functions and of hookCoeff
with bβ

f,γ of [1, Definition 2.8]; no empirical coefficient calculation is a premise of the theorem.

4 Related work
The published version of [1] still poses Question 1 in Section 4, and Gutiérrez’s February 2024
ITMAIA talk slides [5] say in their final section that the symmetry “seems to hold for many more
families”. In the sources cited in this section we found no statement of (1) or an equivalent identity.
The closest are the following.

Gutiérrez, Martínez, Szwej and Wildon study plethysms of SL2-representations. In [6], Lemma 3.6
gives symmetries of the Schur coefficients of the k-fold map, which repeats each variable k times, and
Proposition 5.1 is an SL2(F)-isomorphism for a Weyl module labeled by a hook partition. In [7],
a related paper, Theorem 1.1 proves the filtration of SL2(F)-plethysms proposed in [6, Conjec-
ture 6.1]. Gutiérrez, Orellana, Saliola, Schilling and Zabrocki [8, Theorem 5.10] prove a reciprocity
for the generating function of the two-row Schur coefficients of sµ[hn]; it replaces the outer par-
tition µ by its conjugate, whereas (1) keeps g fixed. Lee [9, Theorem 1.1] interprets ⟨sλ, sµ[hr]⟩
only for λ1 ≤ r + 1. Sarkar [12, Theorem 6.4 and Corollary 7.2] studies first-row stability for
outer hn. Ma, Liu and Huang [13, Theorem 1.1] study the coefficient of s(3,23m−2,1) in h2m[e3],
whose inner function is the elementary symmetric function e3. We also compared Fischer, Gangl,
Gutiérrez and Kumari [10], on Hall–Littlewood specializations of types B, C and BC; Gutiérrez
and Krattenthaler [11], on Schur log-concavity; and Sra’s three q-Foulkes preprints [14].

This search was not a complete census of the literature: MathOverflow and Mathematics Stack
Exchange were searched only up to March 2024, and Google Scholar’s citation lists were not read.
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